The purpose of this paper is to repair some inaccuracies in the formulation of the main result of [HN1] . As were written, the main theorems 4.1 and 4.2 of [HN1] are in fact in contradiction to earlier results of one of the authors [N2]. In the process of writing an erratum, we actually discovered some new phenomena. As we found these quite interesting, it has lead us to incorporate the needed corrections into this self contained article.
In §6 we have listed a number of natural examples satisfying the slightly strengthened hypothesis. They illustrate how common it is for the Poincaré lemma to fail.
At the end of §7 we give a very simple example satisfying our original hypothesis. It illustrates how, even if the Poincaré lemma were to be valid, a shrinking must occur which goes like radius(V f ) ≃ Cr 3/2 , where radius(U ) ≃ r, as r − → 0. The first author would like to express his appreciation for the kind hospitality of the Università di Roma "Tor Vergata" and the Humboldt Universität zu Berlin, and in particular Professor Jürgen Leiterer. The second author would like to express his thanks to Fabio Nicola from Turin for pointing out to us inconsistencies in [HN1] . §2 A priori estimates
In this section we rehearse the facts of functional analysis that we shall use later for the discussion of the local cohomology of the∂ M -complex. For the proofs we refer to [AFN] , [N1] and [HN1] . Let M be a paracompact smooth differentiable manifold, of real dimension N . We consider a sequence of complex vector bundles {E q − → M } q=0,1,... (with E q of rank r q ), and a complex of linear partial differential operators :
This means that, for all i = 0, 1, . . . :
) are linear and supp (A q (u)) ⊂ supp(u) for all u ∈ C ∞ (M, E q ) (Peetre's theorem), (ii) A q+1 • A q = 0 for all q = 0, 1, . . ..
We denote by E
q the sheaf of germs of smooth sections of E q and, for every open U ⊂ M , set E q (U ) = C ∞ (U, E q ). For every open U ⊂ M and x 0 ∈ M , we obtain complexes (U, E * , A * ) E 0 (U ) We denote their cohomology groups by :
Image (A q−1 : E q−1 (U ) − → E q (U )) and (2.3) H q ((x 0 ), E * , A * ) = ker A q : E
Image A q−1 : E q−1
respectively. When H q ((x 0 ), E * , A * ) = {0}, we say that (2.1) admits the Poincaré lemma in By introducing a smooth Riemannian metric in M , and a smooth partition of unity {χ ℓ , U ℓ } subordinated to a coordinate trivialization atlas (U ℓ , x ℓ ) for E q , we define for any compact subset K of M the seminorm · q,K,m by :
where f ℓ (x) ∈ C r q is the trivialization of f in U ℓ and | · | r q is the standard Euclidean norm in C r q . Next we introduce smooth Hermitian scalar products ( · | · ) q on the fibers of the E q 's. This allows us to define the L 2 -scalar product of f, g ∈ E q (U ) by :
(2.5)
where dλ is the measure associated to the Riemannian metric of M . It is well defined when supp(f ) ∩ supp(g) is compact in U . Using these scalar products we obtain the (formal) adjoint complex
In [AFN] the following was proved:
Theorem 2.1. Assume that the complex (2.1) admits the Poincaré lemma in degree q at the point x 0 ∈ M , i.e. we assume that the sequence:
As a consequence of the open mapping theorem for Fréchet spaces we also have :
induces the zero map in cohomology : (2.9) . Then for every compact subset K 1 of ω 1 we can find a compact subset K of ω, an integer m ≥ 0, and a constant c > 0 such that for every f ∈ E q (ω) with A q f = 0 in ω and for every v ∈ E q (ω 1 ) with supp(v) ⊂ K 1 we have:
(2.12)
Using the Hermitian inner product on the fibers of E q and the duality pairing associated to the L 2 -product, we can define for every open U ⊂ M the space
We note that to both (2.1) and (2.6) we can associate complexes of partial differential operators on distributions, which are compatible with the natural inclusion map
We denote by (2.13)
and (2.14)
the corresponding cohomology groups. The natural inclusion maps E q (U ) ֒→ D ′ q (U ), induce natural maps in cohomology :
for every open U ⊂ M and x 0 ∈ M . Following the same arguments of [AFN] we can prove the following: 
Moreover, we have the analogue of Theorem 2.3 :
Theorem 2.5. Assume that for some q ≥ 1 and open ω 1 ⊂ ω ⊂ M the composition :
yields the zero map. Then for every compact subset K 1 ⊂ ω 1 there exist integers m, m 1 ≥ 0, a compact K ⊂ ω and a constant c > 0 such that for every f ∈ E q (ω) with A q f = 0 in ω and for every v ∈ E q (ω 1 ) with supp(v) ⊂ K 1 we have :
Preliminaries on CR manifolds and notation
In this paper M will be a smooth (C ∞ ) paracompact manifold, of real dimension 2n + k, with a smooth CR structure of type (n, k): n is its complex CR dimension and k its real CR codimension. As an abstract CR manifold M is a triple M = (M, HM, J), where HM is a smooth real vector subbundle of rank 2n of the real tangent bundle T M , and where J : HM − → HM is a smooth fiber preserving isomorphism such that J 2 = −I. It is also required that the formal integrability conditions
is the complex subbundle of the complexification CHM of HM corresponding to the eigenvalue −i of J; we have
we recover the abstract definition of a complex manifold, via the Newlander-Nirenberg theorem.
We denote by
x M , we associate the Levi form at ξ:
which is Hermitian for the complex structure of H x M defined by J. Hereξ is a section of H 0 M extending ξ andX a section of HM extending X.
denote the Grassmann algebra of smooth, complex valued differential forms on M . We denote by J the ideal of E * (M ) that annihilates T 0,1 M :
By the formal integrability conditions we have dJ ⊂ J . We also consider the powers J p of the ideal J , obtaining a decreasing sequence of d-closed ideals of E * (M ):
Passing to the quotients, the exterior differential defines linear maps:
, we obtain the tangential Cauchy-Riemann complexes for 0 ≤ p ≤ n + k:
We also note that Q p,j 
We say that a CR manifold (M, HM, J M ) of type (n, k) is locally embeddable if for each point x ∈ M we can find an open neighborhood U of x in M , an open subsetŨ of C n+k , and a smooth CR map φ : U − →Ũ which is an embedding.
For a locally embeddable M we shall give now a description in local coordinates of the Levi form and of the tangential Cauchy-Riemann complex.
Let x ∈ M and U open in C n+k be as above. We can assume that x is the origin 0 of C n+k and that
where ρ 1 , . . . , ρ k are real valued smooth functions on U and
The holomorphic tangent space to M at a point z ∈ M , having chosen holomorphic coordinates on T z C n+k , is identified with T 1,0 z M and is described by: (3.8)
We also have:
Let z n+j = t j + is j with t j , s j ∈ R, for j = 1, . . . , k. By a linear change of coordinates we can obtain that near x = 0:
Near x = 0, the complex coordinates z 1 , . . . , z n and the real coordinates t 1 , . . . , t
Denote by C = (C α,j ) the matrix (3.12)
and consider the partial differential operators
On a neighborhood V of 0 in M the natural pull-back composed with the projection onto the quotient define an identification: (3.14)
With this identification, and observing that [L α ,L β ] = 0 for 1 ≤ α, β ≤ n, we obtain: (3.15)
The CR structure of the characteristic bundle
In this section we define regular points of H 0 M and prove a result that was formulated in [Tu, Theorem 2] for a generically embedded CR manifold. In that paper we could not find a proof of the stated Levi flatness of the CR structure of the conormal bundle. This fact is interesting for our discussion, because it entails the regularity of the characteristic codirections ξ ∈ H 0 M at which the rank of the Levi form is maximal. This regularity is requested in Theorems 5.1 and 5.2 to discuss the non validity of the Poincaré Lemma.
We have preferred to consider the characteristic bundle, which is more intrinsically related to the differential geometry of (abstract) CR manifolds, rather than the conormal bundle of [Tu] . However, our results imply those of [Tu, Theo- the characteristic bundle H 0 M is the image, by the dual map J * of the complex structure J : TM − → TM , of the conormal bundleM * (M ) of M inM :
Let M be smooth abstract CR submanifold, of type (n, k). Denote by ϑ the tautological 1-form on H 0 M . If π : H 0 M − → M is the natural projection, we have : 
Proof For X ∈ H(U ) and Y ∈ N(U ), we have :
U ) and, to complete the proof of the Lemma, we need only to verify that dϑ([X, Y ], Z) = 0 for all Z ∈ C ∞ (U, T H 0 M ). Since ϑ = 0 at each point ξ ∈ U , we can as well assume that ϑ(Z) is constant in U . We have :
and likewise ϑ([Y, Z]) = 0. Therefore
Hence we have :
This shows that [H(U ), H(U )] ⊂ H(U ).
Assume now that that we are given a generic CR embedding M ֒→M of M into an (n + k)-dimensional complex manifoldM . This yields an embedding H 0 M ֒→ T * M . The cotangent bundle T * M has a complex structure, that we denote by J : T T * M − → T T * M . We shall still denote by π :
Proof In the proof we can as well assume thatM is an open subset of C n+k . In particular we shall utilize the standard trivialization of the cotangent bundle and identify H 0 M with a submanifold ofM × R 2n+2k * :
We can assume that M is defined inM by
In this way a tangent vector to
with v 0 ∈ T x 0 M and λ 1 , . . . , λ k ∈ R. We recall the notation J for the complex structure ofM , and hence here of C n+k , and J for the complex structure of T * M , and hence here of T * C n+k . We have :
Therefore X and JX both belong to T ξ H 0 M if, and only if, and there exist real numbers µ 1 , . . . , µ k such that :
From this we deduce that :
Here the perpendicular is taken with respect to the standard metric of R 2n+2k . We can find the real numbers µ j to satisfy (4.11) if and only if
and therefore (4.11) is equivalent to
Finally we note that (4.12) uniquely determines the real coefficients λ j for any given v 0 ∈ ker L ξ 0 .
In this way we characterized a vector X ∈ T ξ 0 H 0 M ∩ JT ξ 0 H 0 M : it has the form (4.9) with (4.14) 2
Next we compute H ξ 0 H 0 M . To this aim we observe that, denoting by x * α the dual real variables of R 2n+2k * we can write a tangent vector in the form :
where e α (α = 1, . . . , 2n + 2k) is the canonical basis of R 2n+2k ≃ C n+k and the
It is convenient to consider the coefficients v α , λ j to be smooth functions of x, x * , defined everywhere inṪ * M . A vector field of this form belongs to N(U ) (for a neighborhood
By differentiation we obtain :
We note that (4.18)
and therefore
Assume that X ∈ N(U ) and impose the condition that dϑ(X, Y ) = 0 for all Y ∈ C ∞ (U, T H 0 M ). We can choose Y is such a way that ϑ(Y ) = constant on a neighborhood of U in T * M , so that :
Then dϑ(X, Y ) = −ϑ([X, Y ]) and we are lead to the condition : 
and hence v(ξ 0 ) ∈ ker L ξ 0 . Finally, we have :
Since d c ρ j , J w = dρ j , w , and 
Proof The dimension of H ξ H 0 M is an upper semicontinuous function of ξ ∈ H 0 M . Therefore it remains constant and equal to 2(n − m) on an open neighborhood of ξ 0 in V . Let V * be such a neighborhood. We have
* for all ξ ∈ V * and then, by the theorem of Levi-Civita, V * is a complex submanifold of dimension (n − m) of a neighborhood of ξ 0 in T * M . Since the fibers of H 0 M − → M are totally real, V * is transversal to the fibers and therefore the map V * ∋ ξ − → π(ξ) ∈ M is a local diffeomorphism. It becomes a diffeomorphism after substituting to V * its intersection with a suitable small neighborhood of
We have : Proof It suffices to consider the situation whereM =ω is a neighborhood of x 0 * C n+k * is the space of C-linear forms in C n+k . If M is described by (4.7), then
By Lemma 4.5, there is a complex submanifold V * of dimension (n − m) of T * M that is contained in H 0 M , contains the point ξ 0 , and whose projection
with real valued smooth functions a j such that z, (1/i)
The main theorems (corrected version)
Theorem 5.1. Let M be a locally embeddable CR manifold of type (n, k). Let x 0 ∈ M and assume thatḢ
Since h j (z) = ℑz n+j = 0 in W ∩M , we can find a real number r 1 with 0 < r 1 ≤ r 0 such that
Define, for every real τ > 0 (5.12)
This is a smooth (p, q)-form, that defines a form in
We next define :
Then we can find a positive r with 0 < r ≤ r 1 ≤ r 0 such that
Now ν and r are fixed and we set :
For each τ > 0 the form g τ defines an element of Q n+k−p,n−q (B(r) ∩ M ) and we have :
Let χ = χ(ζ, t) denote a smooth real valued function defined in R 2n+k such that χ = 1 for |ζ| 2 + |t| 2 < 1 2 and χ = 0 for |ζ| 2 + |t| 2 > 2 3 . If the Poincaré lemma is valid, we have, for all R > 0 sufficiently large, an a priori estimate:
with constants C = C(R) and m = m(R) which depend on R but are independent of τ .
Next we note that
Upon replacing z by z/ √ τ , we have:
Therefore we obtain that
Next we observe that we have an estimate of the form:
with a positive constant c 1 which is independent τ , because ℜφ ≤ 0 in B(r) ∩ M .
On the other hand we have, for a positive constant c 2 :
by (5.15).
By letting τ approach 0, with any fixed large R > 0, we see that (5.19) cannot possibly hold true. This proves the theorem.
Proof of Theorem 5.2
The only changes needed to obtain Theorem 5.2 are in formulas (5.18) and (5.21). In (5.18) instead of the sup norm of∂ M g τ we need to introduce the sup norm of its derivatives up to some finite order m 1 ≥ 0. This modifies (5.21) by a factor τ −m 1 in the right hand side, but again the right hand side of (5.18) tends to 0 when τ − → 0, yielding a contradiction that, in view of Theorem 2.5, proves the statement of Theorem 5.2. §6 Examples 1. Let X be the complex manifold consisting of the pairs (L 1 , L 3 ) where L i is a complex linear subspace of C 4 of dimension i and L 1 ⊂ L 3 . This is a compact complex manifold of complex dimension 5. Fix the canonical basis e 1 , e 2 , e 3 , e 4 of C 4 . A local chart of X in an open neighborhood U of ( e 1 , e 1 , e 2 , e 3 ) in X is given by the coordinates z 1 , . . . , z 5 where L 1 and L 3 are generated, respectively, by the first column and by the three columns of the matrix:
Consider on C
2 the structure of a right module over the division ring H of the quaternions and let M be the subset of X consisting of the pairs (L 1 , L 3 ) with L 1 · H ⊂ L 3 . In U the equation of M is:
and therefore it is easy to verify that M is a CR manifold of type (3, 2) and that the Levi form of M has in every non-zero characteristic codirection exactly one positive, one negative and one zero eigenvalue. Thus at each point of M the Poincaré lemma fails in degree 1.
2. Let m 1 , . . . , m ℓ be integers ≥ 1 and fix complex coordinates
For every ξ = 0 in H 0 M , the Levi form L ξ has m 1 + · · ·+ m ℓ positive, m 1 + · · ·+ m ℓ negative, and ℓ zero eigenvalues. Thus the Poincaré lemma for M is not valid at any point of M in dimension q = m 1 + · · · + m ℓ .
3. Let N ⊂ C 5 be defined by
At each ξ ∈ H 0 M \{0} the Levi form L ξ has one positive, one negative and one zero eigenvalue. We set t j = ℜw j , j = 1, 2 and use t 1 , t 2 , z 1 , z 2 , z 3 as global coordinates on N . The complex vector fields
give a basis of T 0,1 N at each point of N . According to our result, there exist smooth complex valued functions ω 1 , ω 2 , ω 3 , defined in a neighborhood U of 0 in R 2 t × C 3 z such thatL k ω j =L j ω k for all 1 ≤ j, k ≤ 3, but the systemL j u = ω j for j = 1, 2, 3 has no solution in a neighborhood of 0. We define on M = U × C ζ a CR structure by requiring that the vector fields
form a basis of T 0,1 M at each point of M . This M gives an example of a CR manifold, of type (4, 2), such that the Levi form has for each ξ ∈ H 0 M \ {0} at least 3 eigenvalues ≥ 0 and 3 eigenvalues ≤ 0 (actually one positive, one negative and two zero eigenvalues), which according to [H1] , [H2] is not locally CR embeddable near 0. For similar examples see also [HN2] 4. Let S 5 be the unit sphere in C 3 and consider the manifold M consisting of the complex lines that are tangent to S. This is a CR submanifold, of hypersurface type, generically embedded into the complex 4-dimensional manifoldM consisting of all complex lines of the three dimensional complex projective space CP 3 . The CR dimension of M is 3 and its Levi form L ξ has at each nonzero ξ ∈ H 0 M one positive, one negative and one zero eigenvalue. Thus for all x 0 ∈ M the Poincaré lemma is not valid at x 0 in degree 1.
5. Consider the real hypersurface M in C 3 described by :
where m is an integer ≥ 2. Then ξ 0 = dℜz
is a regular point. Indeed,
, we have ∂ρ = (i/2)dz 3 constant, and hence holomorphic, along the holomorphic curve W = {z 1 = 0 , z 3 = 0} ⊂ M . Therefore V = {(z, ξ) | z ∈ W , ξ = dℜz 3 /2} ⊂ H 0 M is a holomorphic curve in T * C 3 . Since the Levi form L ξ 0 has rank 1, we have in fact T ξ 0 V = H ξ 0 H 0 M because T ξ 0 V ⊂ H ξ 0 H 0 M and they have the same dimension. The Levi form L ξ 0 has one positive and one zero eigenvalue. Then the Poincaré lemma fails in degree 1 at x 0 = (0, 0, 0). Note that in this case the rank of the Levi form is not maximal at the regular point ξ 0 , and that the rank of the Levi form L ξ is not constant in any neighborhood of ξ 0 in H 0 M . 6. Let χ : R − → R be equal to 0 for t ≤ 1 and equal to t exp(1/(1 − t)) when t > 1. Then χ is smooth and convex non decreasing. Let q 1 , q 2 be positive integers, with q 1 ≥ 2, q 2 ≥ 1, and consider the hypersurface in C q 1 +q 2 :
Then M is the boundary of a smooth bounded convex set and therefore all global cohomology groups of the tangential Cauchy-Riemann complex H j (M, Q p, * M ) are zero for all p = 0, . . . , q 1 + q 2 and 1 ≤ j ≤ q 1 + q 2 − 2 (see e.g. [N2] ). However, for all points x 0 = (z 0 , w 0 ) ∈ M with |w 0 | < 1, if ξ 0 ∈ H 0 x 0 \ {0} the Levi form L ξ 0 has q 1 − 1 eigenvalues of the same sign and the others equal to zero. Therefore the local cohomology groups H q 1 −1 ((x 0 ), Q p, * M ) are infinite dimensional for all p = 0, . . . , q 1 + q 2 . §7 Further remarks on the Poincaré Lemma
We get back to the general situation considered in §2. Assume that the complex (2.1) admits the Poincaré lemma in dimension q at some point x 0 ∈ M . Fix any Riemannian metric g on M and denote by B(x 0 , r) the ball of center x 0 and radius r for the distance defined by g. By Theorem 2.1, for every r > 0 there exists some r ′ > 0 such that (2.9) is valid with ω = B(x 0 , r) and ω 1 = B(x 0 , r ′ ). For each r > 0 valid in dimension q at x 0 , and (2.9) does not hold for ω = B(x 0 , r) and any open ∅ = ω 1 ⊂ ω, we set κ q (r) = 0. We set : 
